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D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 0
9:

18
 2

2 
A

ug
us

t 2
01

2 



Local Alignment Order in Isotropic Structure of Hard
Spherical Discs

Tomonori Koda
Akihiro Nishioka
Susumu Ikeda
Faculty of Engineering, Yamagata University, Jonan,
Yonezawa, Japan

We performed isobaric Monte Carlo simulation of hard disc-like particles called
spherical discs. Shape of spherical discs is determined by a sweep of the center
of sphere of radius L on a disc of radius D. Simulations of pressure decreasing
and increasing processes of 480 spherical discs of D=L ¼ 5 indicated that ordered
phase of hexagonal columns of discs melted into isotropic phase without showing
nematic structure. Results indicate that local column structure continuously grows
in global isotropic structure.

I. INTRODUCTION

Computer simulations have shown that hard anisotropic model mole-
cules show various types of liquid crystal structures. Nematic struc-
ture is observed in systems of hard spherocylinders [1–4], cut
spheres [5,6], and hard ellipsoids of revolution [7]. Columnar structure
is observed for cut spheres [5,6]. Smectic structure is observed in
systems of hard spherocylinders [1–4].

If we categorize shapes of model molecules into rod-like molecules and
disc-like molecules, spherocylinders are grouped as rod-like, cut spheres
are disc-like, and group of ellipsoids of revolution depends on aspect
ratio of symmetry axes. In this study we present simulation results
for another type of disc-like model molecule called spherical disc [8].
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II. MOLECULAR MODEL

Spherocylinder is a cylinder each end of which is capped with a hemi-
sphere. Its shape is determined by a sweep of the center of a sphere on
a line segment. The spherical disc is an extension of spherocylinder to
a disc-like molecule. The shape is described by Figure 1. It is determ-
ined by a sweep of the center of sphere of diameter L on the core disc of
diameter D. Volume of one spherical disc t0 is given by

t0 ¼ p
4

2

3
L3 þ p

2
DL2 þD2L

� �
� ð1Þ

Monte Carlo (MC) simulation generates molecular configurations
avoiding molecular overlap. Two spherical discs overlap each other
when minimum distance between core discs of diameter D is smaller
than L.

As Figure 2 shows, there are three cases for minimum distance
between two core discs. For the case of Figure 2(a), two discs overlap

FIGURE 1 Shape of spherical disc.

FIGURE 2 Three cases for minimum distance between two core discs.
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each other. In the case of Figure 2(b), the minimum distance is pro-
vided by a point on body of one disc and a point on circumference of
the other. Figure 2(c) corresponds to the case in which the minimum
distance is between points on circumferences of two discs. Analytical
calculation of the minimum distance is possible for the cases (a) and
(b) of Figure 2, however, for the case (c), we needed numerical search
to obtain the minimum distance.

For convenience, we denote the core disc of k-th spherical disc as
k-th core disc. When two core discs are in the case (c) of Figure 2,
we set a base for the numerical search on one of core discs. In the case
of Figure 3 , the base is set on the k-th core disc.

Let us denote a vector running from a point P to a point Q as PQ
�!

.
When a point B gives a minimum distance between a point A on the
circumference of k-th core disc to the circumference of j-th core disc,
Oj B
��!

is on a plane determined by Oj A
��!

and nj, where as described by
Figure 3, Oj is the center of j-th core disc and nj is the normal of j-th
disc. The point B satisfies

OjB
��! ¼ rjðnj �OjA

��!Þ� nj

ðnj �OjA
��!Þ � nj

��� ��� ; ð2Þ

where rj is radius of j-th core disc, and a� b is vector product made by
a and b. Vector running from A to B is given by

BA
�!

¼ OjA
�!

�OjB
�!

;

¼ Rkj þ rA � rjfRkj þ rA � ½ðRkj þ rAÞ � nj� � njg
jRkj þ rA � ½ðRkj þ rAÞ � nj�njj

;
ð3Þ

where Rkj ¼ OjOk
���!

; rA ¼ OkA
��!

, and a � b expresses scalar product made
by vectors a and b. We denote square of jBA�!j by n that is expressed as

FIGURE 3 Base on k-th disc for numerical search of minimum distance
between j-th and k-th disc.
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n ¼ BA
�! � BA�!

¼ Rkj � Rkj þ r2k þ r2j þ 2Rkj � rA

� 2rj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRkj þ rAÞ2 � ½ðRkj þ rAÞ � nj �2

q
�

ð4Þ

Differential of n due to differential of rA is expressed as

dn ¼ 2Rkj �
2rjfRkj þ rA � ½ðrA þ RkjÞ � nj�njgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðRkj þ rAÞ2 � ½ðRkj þ rAÞ � nj�2
q

8><
>:

9>=
>; � drA ð5Þ

As described in Figure 3, we use angle / to express rA on the circum-
ference of k-th disc. On k-th disc we set x0 and y0 as

x0 ¼ �sgnððnj � nkÞ � RkjÞ
nj � nk

jnj � nkj
; ð6Þ

y0 ¼ nk � x0; ð7Þ
where sgn(t) ¼ 1 for t� 0 and sgn (t) ¼�1 for t < 0. The x0; y0 and nk

make an orthogonal coordinate set. The / is an angle made by rA

FIGURE 4 Equation of state of spherical discs of D=L ¼ 5. Pressures of points
indicated by arrows are (a) p� ¼ 1.0, (b) p� ¼ 0.24, (c) p� ¼ 0.23, (d) p� ¼ 0.05,
and (e) p� ¼ 0.6.
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and y0. In this case we have

drA ¼ ðrA � nkÞd/: ð8Þ

Equations (5) and (8) give

dn
d/

¼ 2Rkj �
2rjfRkj þ rA � ½ðrA þ RkjÞ � nj�njgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðRkj þ rAÞ2 � ½ðRkj þ rAÞ � nj�2
q

8><
>:

9>=
>; � ðrA � nkÞ� ð9Þ

To find the minimum distance between j-th and k-th core discs in con-
figuration (c) of Figure 2 is equivalent to find the minimum of n as a
function of /.

Our numerical search selected global minimum from local mini-
mums found with the help of Eq. (9). We are sure that our program
generated numerical error when slight different two minimums were
located closely. In that case, depending on accuracy of search, the pro-
gram considered two minimums as one and returned a minimum that
was slightly larger than actual minimum.

FIGURE 5 A snapshot of the system at point (a) of Figure 4.
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III. SIMULATION

We performed isobaric MC simulation for a system of 480 spherical
discs of D=L ¼ 5. Simulation box size along x-, y-, and z-directions fluc-
tuated for given pressure, while angles made by edges of simulation box
were kept rectangular. We denote a normalized pressure by p� that is
defined as

p� ¼ pL3=ðkBTÞ; ð10Þ

where p is actual pressure, T temperature, and kB is Boltzmann’s
constant.

For a given pressure, except for P� ¼ 1:0, simulation started with an
initial configuration that was an equilibrium configuration at higher
or lower pressure. For p� ¼ 1:0, simulation started with a closed
packed structure.

Acceptance ratio was kept between 0.3 and 0.6 for trial movements of
molecular configurations and system size changes. After equilibration,

FIGURE 6 A snapshot of the system at point (b) of Figure 6.
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we calculated average of system volume to obtain volume fraction
g ¼ t0N=V of the system, where V is system volume, andN the number
of spherical discs.

IV. RESULTS

Figure 4 shows relation between normalized pressure p� and volume
fraction. Figures 5–9 show snapshots of corresponding points in
Figure 4. There are two branches of equation of state. One branch is
of configurations that contain orders in orientation and position.
Points between (a) and (b) in Figure 4 belong to this branch. The other
is of disordered configurations to which (d), (c), and (e) of Figure 4
belong. In the pressure decreasing process, where initial configuration
of a simulation run for a given pressure was an equilibrium configur-
ation at higher pressure, transition from ordered branch to disordered
branch was between points (b) and (c) of Figure 4.

FIGURE 7 A snapshot of the system at point (c) of Figure 7.
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V. CONCLUDING REMARKS

In the present stage, we have not examined detail of positional corre-
lation to classify ordered configurations into crystal or columnar
phase. When we decreased pressure, ordered state of hexagonal
columns of spherical discs melted into disordered state without
showing nematic phase.

Figure 8 obviously indicates positional and orientational disorder
for the point (d) of Figure 4. However in Figure 7 that belongs to
disordered branch in Figure 4, local alignment order of discs exists.

As Figure 9 shows, this local column-like order grew when we
increased pressure along the disorder branch of equation of state.
Similar structure was reported for cut spheres by Allen and Wilson
[6] as cubic structure.

FIGURE 8 A snapshot of the system at point (d) of Figure 8.
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FIGURE 9 A snapshot of the system at point (e) of Figure 9.

FIGURE 10 Dependence of number average of column size on volume frac-
tion. Arrows indicate points referring Figure 4.
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In the present study, we introduced a criterion that j-th and k-
th spherical discs are grouped into a column when they satisfied
conditions ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

HðjRkjj2 � ðfDÞ2Þ
q

< jnj � Rkjj < rL; ð11Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HðjRkjj2 � ðfDÞ2Þ

q
< jnj � Rkjj < rL; ð12Þ

where we used parameters f ¼ 0.3 and r ¼ 1.7 in the present case, and
HðxÞ ¼ 0 for x� 0 and HðxÞ ¼ x for x > 0. We denote number of discs
that is grouped into j-th column by lj, that expresses size of the col-
umn. We consider that a single disc corresponds to a column of size 1.

We calculated < l > that is an average of column size as

< l >¼ 1

M

XM
j¼1

lj ¼
N

M
; ð13Þ

where M is number of columns grouped in the system.
Figure 10 shows dependence of < l > on volume fraction. As

Figure 10 indicates, the minimum of < l > is 1 given by dilute limit
where all columns are made of a single disc. One of our interests
was phase transition behavior of column formation in isotropic
structure. Figure 10 indicates no critical behavior. We expects
that local column structure continuously grows in global isotropic
structure.

Figure 4 shows hysteresis of equation of state between ordered and
disordered states. Calculation and comparison of free energies of these
states to determine transition points is our future task.
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